This letter suggests a new way to investigate 3-D chaos in spatial and frequency domains simultaneously. After spatially decomposing the Lorenz attractor into two separate scrolls with peaked spectra and a 1-D discrete-time zero-crossing series with a wide-band spectrum, it is found that the Lorenz chaotic attractor has an inherent frequency uniquely determined by the three system parameters. This result implies that chaos in the Lorenz attractor is mainly exhibited when the trajectory crosses from one scroll to another, not within the two scrolls. This is also true for some other double-scroll Lorenz-like chaotic attractors, such as Chua's attractor. Some possible applications of the inherent frequency and the spatial decomposition are also discussed.
Since the discovery of the first chaotic attractor by Lorenz [1] , 3-D chaotic attractors have been extensively studied to clarify how chaos occurs in the real world and to help better understand the essence of chaos [2] . This letter suggests a novel way to investigate chaotic attractors in frequency domain via a spatial decomposition method. It is found that an inherent frequency, i.e., a prominent spectrum peak, exists in all of the three variables of the Lorenz attractor (but is particularly distinguished in the z-variable), and that the Lorenz attractor can be spatially decomposed into two single-scroll sub-attractors with peaked spectra at the inherent frequency and a 1-D zero-crossing time series with wide-band spectrum. This result strongly implies that, from the spectral point of view, chaos in the Lorenz attractor is mainly exhibited at the boundary of the two scrolls, not within them. Further numerical experiments show that the inherent frequency is uniquely determined by the three system parameters. The inherent frequency and the spatial decomposition also exist for some other Lorenz-like chaotic attractors with double scrolls, such as Chua's attractor [3] . Compared with previous work on spectral analysis of "phase incoherent chaos" [4] , this letter reveals much subtler features inherently-existing in Lorenz-like chaotic attractors.
Consider the following Lorenz system [1, 2]:
where σ, r, b are three positive parameters. When σ = 10, r = 28, b = 8/3, the Lorenz system has a double-scroll chaotic attractor shown in Fig. 1 . Because the Lorenz system is invariant under the coordinate transformation (x, y, z) → (−x, −y, z), the chaotic attractor is symmetric with respect to the two planes x = 0 and y = 0. When r > 1, the centers of the two scrolls, which are two equilibrium points of the Lorenz system, can be calculated as ± b(r − 1), ± b(r − 1), r − 1 . Roughly speaking, the double-scroll attractor is developed by the chaotic trajectory spirally rotating around the two points in a chaotic fashion.
Although the Lorenz chaotic attractor has been extensively studied in the past three decades, the relationship between the chaotic behaviors and the spectra of x(t), y(t), z(t)
has not yet been clarified [4] . This letter tries to give a clearer description of this problem via a novel spatial decomposition method. In the following, without loss of generality, the In Fig. 2 , the power spectra of x(t), y(t) and z(t) are shown (calculated by DFT with 4-term Blackman-Harris window, the same hereinafter). It can be seen that the spectra of x(t) and y(t) are locally wide-band in the low frequency range and gradually approach to zero as the frequency increases, which shows the existence of chaos in x(t) and y(t). In comparison, the power spectrum of z(t) is much simpler: it has a significant spectral peak at the frequency f z ≈ 1.3 Hz, which implies that z(t) is nearly periodic, i.e., weakly chaotic.
Observing the time evolution of z(t) shown in Fig. 3 , one can see that the spectrum peak of z(t) is a natural reflection of the nearly-invariant short-time period of z(t). x = 0 and y = 0, the spectrum peak of z(t) implies that the rotation frequency of the chaotic trajectory around each scroll is nearly invariant and the mean frequency is f z . As a natural result, when the chaotic trajectory rotates within each scroll, the local (i.e., short-time) spectra of x(t) and y(t) should also have a peak at the frequency f z . Is it really true? If so, then it can be expected that the chaoticity of the Lorenz attractor is mainly exhibited when the trajectory crosses the boundary between the two scrolls.
In the following, a simple spatial decomposition method is introduced as a tool to give an answer. The basic idea of the spatial decomposition method is to divide the chaotic trajectory into three parts: two separate single-scroll sub-attractors and a 1-D zero-crossing time series. The method is described as follows:
• Two separate single-scroll sub-attractors: 1) connect all disjoint positive parts of x(t) together to make an embedded signal x + (t) > 0, and connect all its disjoint negative parts to make an embedded signal x − (t) < 0 (see Fig. 4 for a schematic illustration on how the two embedded signals are extracted from the original signal x(t));
2) determine the sub-signals of y(t), z(t) corresponding to x + (t) and x − (t) in the time axis: y + (t), y − (t) and z + (t), z − (t).
As a result, (x + (t), y + (t), z + (t)) constitutes a positive sub-attractor, and (x − (t), y − (t), z − (t)) constitutes a negative sub-attractor (see Fig. 5 ). Both subattractors have a single scroll.
• A 1-D zero-crossing time series
1) use the zero-crossing times, i.e., the times when the chaotic trajectory crosses the boundary x = 0 from one scroll to another, to create a discrete-time series {t zc (i)}
2) ZC(i) is defined as the elapsed time between t zc (i + 1) and t zc (i): ZC(i) = t zc (i +
x + (t) Note that the above spatial decomposition can also be made with respect to the plane y = 0 to get two sub-attractors in the same way. After the above spatial decomposition of the Lorenz attractor, the three time series are analyzed via the spectral analysis method.
It can be expected that the spectra of the two sub-attractors have a peak at the frequency of f z and the spectrum of ZC(i) is wide-band. The experimental results well support this prediction. Observing the power spectra of x + (t), y + (t), x − (t) and y − (t) shown in Fig. 6 , it can be clearly seen that a spectrum peak occurs at the same frequency f z ≈ 1.3Hz in each spectrum. Note that the frequency f z of z(t) is actually a reflection of the nearlyperiodic trajectory within the two sub-attractors, since z(t) is independent of the chaotic zero-crossing behaviors. Now, let us consider the power spectrum of ZC(i) shown in Fig. 7a , which keeps wideband in the whole frequency range and has many spectral peaks without decaying to zero.
Comparing all the five spectra, it is obvious that the local wide-band spectra of x(t) and y(t) stems from the wide-band spectrum of ZC(i). Because the elapsed time between two consecutive zero-crossing events is at least equal to the time of one cycle of x(t), i.e., the mean period of the Lorenz attractor T z = 1/f z , the occurrence frequency of the zero-crossing event will not be greater than f z . It is the reason why the original spectra of x(t) and y(t) gradually decay to zero as the frequency increases beyond f z .
Here, note the following fact: since the two sub-attractors are both approximately periodic, ZC(i) will always be about n times of T z , where n is an integer. In other words, ZC(i)/T z approximates the number of rotational cycles of the chaotic trajectory within the current sub-attractor. This can be clearly seen from Fig. 8a . Then, one can define a new time series ZC n (i) = round (ZC(i)/T z ), where round(·) denotes the function rounding a real number to a nearest integer. In Fig. 8b , ZC n (i) is displayed to show its approximation to ZC(i)/T z . Apparently, ZC n (i) has a clearer physical meaning than ZC(i), and has a similar spectrum to ZC(i). Figure 7 gives a comparison of the power spectra of ZC(i) and ZC n (i), which are almost identical. A plenty of experiments were performed to verify the existence of this nearly-invariant spectral peak for other valid parameters of the Lorenz chaotic attractor. It is found that such an inherent frequency f z always exists and the spatial decomposition works well. Then, what is the relation between f z and the three parameters r, σ, b? When r = 28, the surface of f z = F (σ, b) is plotted in Fig. 9 . As r increases, the height of the surface will rise but the basic shape of the surface remains. At present, an explicit mathematical formula has not been found to describe such a relationship. Is it possible to extend the above results on the Lorenz attractor to other 3-D chaotic attractors? For Chua's chaotic attractor generated with the following equations: Finally, some possible applications of the inherent frequency and the spatial decomposition are discussed.
System Identification The deterministic relationship between the inherent frequency f z and the system parameters reveals a new way of realizing system identification from the short-time waveform of any one of the three variables x(t), y(t) or z(t). This is useful for adaptive synchronization of chaos [6] .
